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Recently it has been found numerically that the spectra of metamaterial crystals may contain pairs
of bands which disappear inside the Brillouin zone. We observe that the wave equations for such
systems are essentially non-Hermitian, but PT -symmetric. We show that the real-frequency spectra
correspond to PT -symmetric solutions of the wave quation. At those momenta in the Brillouin
zone where apparently no solutions exist, there appear pairs of complex-frequency solutions with
spontaneously broken PT symmetry.
PACS numbers: 02.60.Lj, 11.30.Er, 42.70.Qs, 78.67.Pt
One of the basic characteristics of waves propagating
in material media is their frequency spectrum. In peri-
odic systems, for instance in photonic crystals, the fre-
quency ω is a function of the wave vector ~q, ω = ωs(~q),
where ~q is restricted to an elementary tile of the recipro-
cal space, the so-called first Brillouin zone. The discrete
index s numerates distinct branches of the dispersion,
which correspond to different distributions of the wave
field within the unit cell of the periodic system. Since
in macroscopic systems the wave vector ~q changes quasi-
continuously, each branch s leads in general to a finite in-
terval of allowed frequencies, the so-called bands, which
may be divided by band gaps in between them [1].
In most systems studied so far, either in the solid-state
or photonic context, for each of the branches the function
ω = ωs(~q) stretches throughout the whole Brillouin zone.
This is a simple consequence of Hermiticity. In fact, the
plane wave ei~q·~x may experience a Bragg scattering to
any of the plane waves of the form ei(~q+
~K)·~x, where ~K
is a reciprocal lattice vector. In the basis of such states,
the Schro¨dinger or wave equation takes the form of an
eigenvalue problem H ~K ~K′(~q)c ~K′ = λ(~q)c ~K . For a fixed
cut-off we are then dealing with an N ×N matrix which,
if it is Hermitian, is guaranteed to have N real eigen-
values, independently of the value of ~q. Smooth changes
of H ~K ~K′(~q) lead then to smooth changes of λ(~q), result-
ing in bands which cannot disappear inside the Brillouin
zone. In other words, the number of eigenfrequencies
cannot be reduced in a certain interval of wave vectors.
However, in numerical simulations it has recently been
found that in certain systems the bands may disappear
inside the Brillouin zone, forming the so-called folded
bands [2]. In particular, such behavior has been observed
in photonic crystals in the form of a square array of meta-
material cylinders immersed in vacuum. As an example,
in Fig. 1 we show the two lowest-frequency bands for
such a metamaterial photonic crystal calculated numeri-
cally from transmission spectra [3]. Folded bands appear
when the radius of cylinders R increases above the crit-
ical value Rc ≈ 0.275a, where a is the spatial period
of the crystal. This surprising result indicates that the
wave equation for electromagnetic field in a metamaterial
photonic crystal is non-Hermitian [4].
Actually, it is well known that if both, permittivity
ε and permeability µ, are non-constant functions of the
spatial coordinate, then the wave equation for the mag-
netic field ~H reads
M ~H ≡ µ−1rot
[
ε−1rot ~H
]
= ω2 ~H, (1)
where the operatorM is non-Hermitian even in ordinary
photonic crystals made from dissipationless components
[1, 5]. Note that we set the speed of light c = 1.
So how can it be that folded bands have not been ob-
served in ordinary photonic crystals? The reason is that
the non-Hermitian character of Eq. (1) is often not es-
sential, since it can be avoided by a reformulation of the
problem. For instance, if the permeability µ is real and
positive definite, one can redefine the magnetic field by
~H = ~h/
√
µ, thereby transforming Eq. (1) to the form
O~h ≡ µ−1/2rot
[
ε−1rot
(
µ−1/2~h
)]
= ω2~h (2)
with an explicitly Hermitian operator O [1].
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FIG. 1: (Color online) Dispersion relation ω = ω(~q) in the
ΓX direction for a two-dimensional photonic crystal made of
metamaterial cylinders with real and dispersionless permit-
tivity ε = −1.8 and permeability µ = −5, see inset. Electric
field is taken to be parallel to the cylinders. The two sets of
curves correspond to cylinder radii slightly above and below
the critical radius Rc ≈ 0.275a [3].
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FIG. 2: (Color online) 1D model with εa = 1, µa = 1, `a =
1, and εb = −9, µb = −1, `b = 0.41. (a) Function f(ω).
(b) Frequency spectrum. (c) Real and imaginary parts of
frequency in the lowest folded band.
The observation of folded bands in metamaterial pho-
tonic crystals therefore suggests that their non-Hermitian
character should be essential, i.e. not avoidable by any
reformulation. In particular, it will be shown later that,
in presence of interfaces between ordinary dielectric re-
gions where
√
µ is purely real and metamaterial regions
with purely imaginary
√
µ, the operator O remains non-
Hermitian [6].
The goal of the present paper is to demonstrate that
the appearance of folded bands in metamaterial pho-
tonic crystals is a direct consequence of their essential
non-Hermiticity. To this end, we will start by study-
ing the simplest possible crystal structure, namely a one-
dimensional (1D) periodic stack of right- and left-handed
materials. Several anomalous features of electromagnetic
wave propagation have already been observed in this
model [7–10]. Here we observe that the 1D model ex-
hibits the so-called PT symmetry [11] and, making use
of this recently developed concept, we will explain the
presence of folded bands in the spectrum of this model.
Similar reasoning will be later applied to two-dimensional
(2D) metamaterial crystals studied in [2, 3].
We assume that the 1D stack consists of materials a
and b characterized by εi, µi, refractive indices ni =√
εiµi, impedances Zi =
√
µi/εi, and thicknesses `i,
where i = a, b. All material parameters are assumed to
be real and frequency-independent. The frequency spec-
trum of transverse electromagnetic waves, which propa-
gate perpendicularly to the slabs with wave vector q, can
be determined from the implicit equation [12]
f(ω) ≡ 1
2
(A+1) cosωτ+−1
2
(A−1) cosωτ− = cos q`, (3)
where ` = `a+`b is the length of the unit cell, τ± = τa±τb
with τi = ni`i, and A = (Za/Zb + Zb/Za)/2 > 1 is the
impedance mismatch between the slabs a and b.
In ordinary photonic crystals with εi > 0 and µi > 0 we
have τ+ > |τ−| ≥ 0. Therefore the larger-amplitude first
term of f(ω) oscillates faster than the smaller-amplitude
second term. Let us denote the positions of local extrema
of the function f(ω) as ω∗. One can check easily [13]
that |f(ω∗)| ≥ 1 and from here it follows that no folded
bands can be present in the spectrum. This was of course
to be expected, since the wave equation of an ordinary
photonic crystal can be Hermitized.
Now let us assume that the slab a is an ordinary di-
electric with εa > 0 and µa > 0, whereas the slab b is
made from a metamaterial with εb < 0, µb < 0, and
nb < 0. In this case τ− > |τ+| ≥ 0 and it is the smaller-
amplitude second term of f(ω) which oscillates faster
than the larger-amplitude first term. As shown explic-
itly in Fig. 2(a), then the values of f(ω∗) may lie within
the interval (−1, 1), and as a result folded bands can form
in the spectrum. Such folded bands have been observed
previously for oblique wave propagation [10, 14]. Simi-
larly as in the case of 2D metamaterial photonic crystals
[3], also in the 1D case folded bands form only in a subset
of the parameter space (A, β = τ−/τ+) of Eq. (3).
Since Eq. (3) does not shed light on the mathematical
structure of the 1D problem, we shall restate its basic
equations. The wave equation Eq. (1) reads piecewise
−n−2i H ′′ = ω2H. (4)
If we take the center of the slab a as the origin, then the
boundary conditions at the interfaces ξ = ±`a/2 between
the slabs require
H(ξ−) = H(ξ+), E(ξ−) = E(ξ+), (5)
where ξ− and ξ+ are infinitesimally shifted from ξ to the
left and right, respectively, and E(ξ±) = H ′(ξ±)/ε(ξ±).
Moreover, from the Bloch theorem follows an additional
boundary condition
H(`/2) = eiq`H(−`/2). (6)
The boundary-value problem which we have to solve is
defined by Eqs. (4,5,6).
Let us prove that the operator O for the 1D prob-
lem defined by Eqs. (4,5,6) is not Hermitian. To this
end, let us define magnetic and “electric” fields corre-
sponding to h(x), Hh(x) = h(x)/
√
µ(x) and Eh(x) =
H ′h(x)/ε(x). If O was Hermitian, then the quantity
D =
∫ `/2
−`/2 dx
[
g∗(x)Oh(x)− (Og(x))∗ h(x)] should be
zero for any pair of functions h(x) and g(x), both of
which generate fields Hh, Eh, and Hg, Eg satisfying the
boundary conditions Eqs. (5,6). Integrating per parts
and taking proper care of the boundary terms, we find
that D = ∆(−`a/2) + ∆(`a/2), where
∆(ξ) = Hh(ξ) [Eg∗(ξ−)− Eg∗(ξ+)]
+ Eh(ξ) [Hg∗(ξ+)−Hg∗(ξ−)]
are the interface contributions. Note that in a right-
handed medium [Hg(x)]
∗ = Hg∗(x) and [Eg(x)]∗ =
Eg∗(x), whereas in a left-handed medium [Hg(x)]
∗ =
3ll ab
| H
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FIG. 3: (Color online) Observables for the 1D model with
the same parameters as in Fig. 2. (a) Spatial distribution of
|H(x)|. White and shaded regions correspond to layers a and
b, respectively. The vertical dashed lines denote the centers of
the layers. Field distributions for the lowest folded band are
shown for various values of cos q`, from bottom to top: 0.650,
0.700, 0.710, 0.719 (critical value), 0.730 and 0.800. Data are
verticaly shifted for clarity. In PT -symmetric solutions the
field |H(x)| is even with respect to the center of any layer. PT
symmetry-breaking solutions lack this symmetry [18]. (b) The
integral quantity U+ as a function of q. Note that U+ = 0
for PT symmetry-breaking solutions. (c) Real part of the
Poynting vector, S, as a function of q. In all panels we use
the normalization |H(`a/2)| = 1.
−Hg∗(x) and [Eg(x)]∗ = −Eg∗(x). It follows that in
an ordinary photonic crystal the boundary conditions
Eq. (5) imply that Eg∗(ξ−) = Eg∗(ξ+) and Hg∗(ξ+) =
Hg∗(ξ−). Therefore D = 0, as was to be expected.
However, in a metamaterial photonic crystal Eg∗(ξ−) =
−Eg∗(ξ+) and Hg∗(ξ+) = −Hg∗(ξ−). Thus D 6= 0 and
hence the operator O is non-Hermitian.
Therefore the next question we should ask is: if the
boundary value problem Eqs. (4,5,6) is non-Hermitian,
how can its spectrum be real at all?
In order to answer this question, let us define opera-
tors of “parity” P and “time-reversal” T by (PH)(x) =
H(−x) and (T H)(x) = H∗(x), respectively. We find
that Eqs. (4,5) are invariant under the action of both P
and T , while Eq. (6) is invariant only under the com-
bined antilinear operator PT . Therefore the 1D model
is PT -symmetric [15], as also observed for a somewhat
similar boundary-value problem studied in [16].
Since P2 = 1 and T 2 = 1, the eigenvalues of the an-
tilinear operator PT are λ = eiϕ, where ϕ is real [11].
Therefore a PT -symmetric solution should satisfy
H∗(−x) = eiϕH(x). (7)
If the PT symmetry is not broken, i.e. if the eigenstates
of the wave equation are simultaneously also eigenstates
of PT , the eigenvalues ω2 have to be real [11]. On the
other hand, if the eigenstates of the wave equation spon-
taneously break the PT symmetry, then the eigenfre-
quencies corresponding to H1(x) and H2(x) = PT H(x)
0
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FIG. 4: Dispersion relations for the 2D model with cylinder
radius R = 0.27a along special lines in the 2D Brillouin zone
(see inset). Electric field is polarized along the cylinders. Note
that in the ΓM direction, the two lowest bands are already
folded. In the XM and ΓM directions, a third band enters
the studied frequency range.
become complex conjugate. This is explicitly shown in
Fig. 2(c), which has been obtained by solving Eq. (3) un-
der the assumption of a complex frequency ω = ω1+ iω2.
Such pairs of eigenvalues have been observed previously
in the 1D problem [9] and also in other PT -symmetric
problems [17]. Note that the complex-frequency solu-
tions appear exactly for those values of momentum q,
where the band folding has been observed. Therefore, if
we allow for complex-valued frequencies, the number of
eigenvalues does not vary with q.
We have checked numerically that for real-frequency
solutions, the magnetic field does obey Eq. (7). On the
other hand, according to Eq. (7), a PT -symmetric so-
lution should satisfy |H(−x)| = |H(x)|. But Fig. 3(a)
clearly shows that this criterion is not satisfied for
complex-frequency solutions, thereby proving explicitly
that they break the PT symmetry.
Finally, we will turn back to the case of the square
array of metamaterial cylinders with lattice constant a.
Let us study electromagnetic waves with the electric field
parallel with the cylinders and the z axis. Then the
wave equation reads piecewise n−2i 4E = ω2E with a 2D
Laplacian4. The boundary conditions require the conti-
nuity of E(x, y) and E′n(x, y)/µ(x, y) across the cylinder
surfaces, where E′n denotes a normal derivative. More-
over, a Bloch wave with wave vector ~q = (qx, qy) should
satisfy the boundary conditions
E(a/2, y) = eiqxaE(−a/2, y),
E(x, a/2) = eiqyaE(x,−a/2). (8)
Let us define the following 2D generalizations of
the operators of “parity” P and “time-reversal” T :
(PE)(x, y) = E(−x,−y) (T E)(x, y) = E∗(x, y). Since
the geometrical structure is P-invariant and since the ma-
terial parameters εi, µi and ni are taken to be real, the
wave equation and the boundary conditions inside the
unit cell are invariant under both, parity P and time-
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FIG. 5: (Color online) Dispersion relations along ΓX for the
2D model with cylinder radii different from Fig. 1. The shaded
regions highlight the frequency gap (with complex momentum
solutions inside) in the left panel, and the momentum gap
(with complex frequency solutions inside) in the right panel.
Note the space - time duality of the two regions.
reversal T . However, similarly as in the 1D example
studied before, the Bloch boundary condition Eq. (8) is
preserved only under the action of the combined opera-
tor PT . Consequently, our 2D boundary value problem
is again invariant under the action of the operator PT .
Once the non-Hermiticity and PT symmetry of the 2D
problem have been established, the reality of the spec-
trum in the PT -symmetric sector of eigenstates follows.
In analogy with the 1D case, we conjecture that in those
regions of the Brillouin zone where the folded bands dis-
appear, there exist pairs of complex-frequency solutions
in the spectrum. Unfortunately, since such states can not
be seen in a numerical transmission experiment [3], we
can not present a direct proof of their existence.
In the 2D problem, the critical value of the cylinder
radius Rc, above which folded bands are formed, may
depend on the direction in momentum space. In fact,
Fig. 4 shows that for instance for R = 0.27a, the two
lowest bands are already folded in the ΓM direction.
It turns out that one can find a simple criterion for the
appearance of folded bands. In fact, from the Maxwell
equations in the frequency domain, rot ~E = iω ~B and
rot ~H∗ = iω∗ ~D∗, after multiplication by ~H∗ and ~E, re-
spectively, follows the identity
iω1u− + ω2u+ + div~S = 0, (9)
where u± = ~E · ~D∗ ± ~B · ~H∗ and ~S = ~E × ~H∗. Note
that this identity holds also in dispersive and/or lossy
media and it represents a generalization of Poynting’s
theorem for harmonic fields [19]. In our case of lossless
media the quantities u± are both real. Let us integrate
Eq. (9) over the area of an elementary cell of the photonic
crystal. The Bloch boundary conditions Eq. (8) imply
that
∫
cell
d2xdiv~S = 0. Therefore iω1U−+ω2U+ = 0 must
hold, where U± =
∫
cell
d2x
[
ε| ~E|2 ± µ| ~H|2
]
. Considering
the real part of this condition for PT symmetry-breaking
solutions with ω2 6= 0, we find that U+ = 0 must hold,
as confirmed for the 1D problem in Fig. 3(b). Similar
criteria for the occurence of folded bands have been found
in [2] by different reasoning. Note that at the verge of PT
symmetry breaking, the group velocity diverges and U+
vanishes. Explicit calculation for the 1D problem shows
that the real part of ~S stays finite here, see Fig. 3(c).
Before concluding let us observe that folded bands are
closely related to the frequency gap in periodic systems.
In fact, it is well known that within the frequency gap,
there exist only solutions with a complex wave-vector.
On the other hand, folded bands imply the existence of
a momentum gap, inside which there appear only states
with a complex frequency. Thus the momentum gap is a
space - time dual of the frequency gap, see Fig. 5.
In conclusion, we have explained the physical origin of
folded bands, or momentum gaps, in spectra of metama-
terial crystals. Two ingredients are necessary for their
appearance: first, the boundary-value problem has to be
essentially non-Hermitian, and second, the possible re-
ality of its spectrum has to be guaranteed by additional
symmetry, such as the PT symmetry in the metamaterial
case. In systems fulfilling these assumptions, momentum
gaps should be commonplace.
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